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Abstract 



Meson exchange diagrams following from a lagrangian with off-shell meson- 
nucleon couplings are compared with those generated from conventional dy- 
namics. The off-shell interactions can be transformed away with the help of 
a nucleon field redefinition. Contributions to to the A^A^- and 3A^-potentials 
and nonminimal contact e.m. meson-exchange currents are discussed, mostly 
for an important case of scalar meson exchange. 
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I. INTRODUCTION 



A nucleon-nucleon interaction is efficiently parametrized in terms of meson exchange di- 
agrams. Apart from the largely model independent one pion exchange contribution, a small 
family of heavier mesons {uj, p, a, sometimes also 6 and rj) effectively summing and repre- 
senting the multipole pion exchanges and excitations of nucleon resonances in intermediate 
states is considered. The structure of the couplings of these (effective) mesons to nucleons is 
not very well known and is treated phenomenologically: vertices are usually taken in some 
simple form, neglecting effects due to possible transition of the nucleons off their mass shell, 
and coupling constants and coupling parameters are fitted to data. 

Some relativistic calculations |jl]J^ have found that including off-shell extensions of these 
meson-nucleon vertices might give a more effective description. In particular, Stadler and 
Gross [H have shown in a covariant spectator formalism that using a scalar-nucleon-nucleon 
{sNN) coupling with off-shell extension can give a reasonable triton binding energy (without 
explicit three-nucleon forces), and at the same time improve the fit to A^A^ data as compared 
to that of similar model without off-shell coupling. Zimanyi and Moszkowski have shown 
that a lagrangian with a derivative (off-shell) sA^A^ coupling improves the description of 
nuclear matter and finite nuclei in the relativistic mean-field approximation. And a number 
of authors have studied off-shell couplings using sidewise dispersion relations, which suggest 
that the off-shell behavior should be related to vrA^ scattering and higher nucleon resonances 

m- 

Here, we would like to demonstrate how we can use nucleon field redefinition to translate 
the dynamical model of ^ into a model with nonlinear couplings with standard on-shell 
vertices. First, as an example, we demonstrate the nontrivial dynamical content of off-shell 
vertices using the well known cr-model. Then, in Sec. Ill, we consider the scalar-exchange 
part of the Stadler and Gross model. We show that the off-shell coupling can be removed 
via a redefinition of the nucleon field and identify the nonstandard nonlinear strong and 
electromagnetic (e.m.) vertices. In leading order the difference between the model with 
off-shell coupling and the standard one is represented by triangle and bubble diagrams for 
the A^A^-interaction, scalar-scalar exchange three-nucleon potential, and a contact (seagull) 
meson exchange current. In Sec. IV we give explicit expressions for these contributions and 
argue that they should be estimated numerically. Finally, in Sees. V and VI we discuss elec- 
tromagnetic interactions and some features of the nonrelativistic limits of these interactions. 
In the appendix we show that similar considerations also apply for pseudoscalar and vector 
exchanges. 



II. cj-MODEL AS SIMPLE EXAMPLE 

To illustrate the rich dynamical content of off-shell couplings, let us consider the simple 
example of a a-model. The standard lagrangian of the linear a- model is 

£ = C'^IW + £''-{a, tt) - #<|.^ - + V{<!>') , (2.1) 

^NfiW = l^lW) - '^{d.^hy , (2.2) 
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vr) = -d^ad^'a + -d^nd'^ir , (2.3) 

where $ = o" + i'-f^r ■ vr. The nonhnear cr-model results from replacing $ by a nonlinear 
function of the pion field with constant norm $^ = $$* = The common choice is 

$(<^) = ^exp(2z7V), (2.4) 
with = tt/ (2/7r) and (f = t ■ 0, which leads to a lagrangian 

C = £^;^o(^) + \Tr - Ug^p exp(2z7V)^ , (2.5) 

where the trace is taken in flavor space. In the lowest order in pion fields the second 
term gives the kinetic energy for massless pions, while higher orders generate complicated 
nonlinear pion self-interactions. The last term of ( ^.51 ) in the lowest order generates the 
nucleon mass m = gf^^, the first order in the pion field is the pseudoscalar ttNN coupling, 
and higher orders represent multipion contact terms. 
Alternatively, $(</?) can be taken in the form 

^('^) = TT^^ " + ^ ^ , (2.6) 



which yields 

C = C%:^W + ^^^^^d,nd^^ - Ugi^^lj + ^^^^^(^2 _ ^^5^ . ^ (2.7) 



We can eliminate the higher order nonlinear terms from the -kNN couplings by redefining 
the nucleon field as follows: 

V'(x) = ^Jl + 0^{x)ij'{x) , (2.8) 
which gives the equivalent lagrangian 

JZ = JZ'^^^i^') - Ug^P'^P' + ^ d,nd^n + 2Ug^P'{0' - t^'r ■ 0)^' 

+ 1^/ 0^{tj'^d^i;' - m^') - ^{t{d^ij') + rmP')0^ ^' , (2.9) 

Note that all of the irNN interaction terms involving the coupling of three or more pions to 
a nucleon in the original lagrangian 1\) have been replaced by terms which are only linear 
or quadratic in the pion field, but which involve couplings to off-shell nucleons. 



We now emphasize two points. The two lagrangians ( |2.7|) and (|2.9| ) are equivalent only if 
all of the nonlinear terms in the factor / = l/{l + ip'^) are retained. If this factor is truncated 
to lowest order, / ~ 1 — (f'^, the lagrangians are no longer equivalent. The second point is 
that the lagrangian ( p.9| ) is deceptively simple. In particular, at most two pions couple to a 
nucleon at any point. Still, it contains all the complexity of the nonlinear cr-model with all of 
its multipion contact terms. Naively, one might argue that the off-shell term is unimportant 
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in realistic nuclear applications, since it is nonzero only for off-shell nucleons. Indeed, in the 
lowest semiclassical order of two meson exchange it does not contribute. But as momentum 
loops are included the off-shell vertices give results compatible with original nonlinear a- 
model. Iterating the off-shell vertices of ( p.9|) along the same nucleon line immediately 
generates multipion contact terms with any number of pions, since the off-shell factors 
(]3 — m in momentum space) of the vertex cancel the attached nucleon propagators. 

However, it might be nontrivial to define the effective theory based on the lagrangian 
( p.9| ). This is because the nucleon field has complicated transformation properties and one 
has to be careful in defining the regularization so that the symmetry is preserved and the 
theory is equivalent to the usual nonlinear a-model. We are interested in a more phenomeno- 
logical approach in which only a limited set of Feynman diagrams (regularized by ad hoc 
hadronic form factors) is used in a kernel of a dynamical equation. In this case, the dynamics 
defined by (|2.9| ) is no longer fully equivalent to the cr-model, but it is still clearly distinct 
from the standard prescriptions employing the linearized form of the nNN interaction. 

We now turn to a discussion of off-shell couplings associated with the exchange of scalar 
particles. 



III. FIELD REDEFINITIONS FOR OFF-SHELL SCALAR COUPLING 

Let us now consider the scalar coupling with the off-shell extension which plays an im- 
portant role in the dynamical model discussed in Ref. [Q. We will first show how the off-shell 
part of the sNN coupling can be removed with the help of the nucleon field redefinition. The 
field redefinition generates the nonlinear scalar-nucleon and photon-scalar-nucleon vertices. 
In the next sections, we present the contributions of these vertices to the A^A^ potential, 
the 3A^ potential and the e.m. exchange currents in the leading order beyond conventional 
results. 

The part of lagrangian relevant to our discussion is 

£ = Cf' + C.,,s + /:^"(^) + CsNn{^) + C-^Nn{'4^) + C-^NNs{^) , (3.1) 

^N^'i^) = \^r{d,^lj) - '-{d,^l,)Y^ - mi,^ , (3.2) 

C-sNN^i^) = gs^^s^P + Ji'^si^l>.^^^ - m,p) - ^(z(9'^^)7^ + m^)$,V' , (3.3) 
C^^^{,P)=^K>^^A^ ,AM = A^ + AA^ (3.4) 
C^NNs{ip) = {A^ , , (3.5) 

where C'^^ includes all of the kinetic terms for the bosons (scalars and photons), C^j^'^{ip) is 
the nucleon kinetic lagrangian with the mass term, and is a photon-scalar vertex. 

The function $s contains an isospin matrix for the mesons with nonzero isospin (i.e., 
$s = r ■ (^s)- The parameter in the off-shell part of the sNN vertex is related to the 
parameter Vs of through = Usgs/fn and the sNN vertex function in the momentum 
space reads 

t,{p',p) = l + ^{p'+p-2m) , (3.6) 
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In (|3.4|) we have separated a minimal part of the 'jNN vertex 

A{^ = |(l + r^)7^ (3.7) 

with the proton charge e > 0, from the remaining purely transverse one AA^. The minimal 
contact (seagull) interaction is contained in C^NNsii')- It is obtained by minimal substitution 
of the derivatives of the nucleon field in (|3.3| ) 



z^d.ij ^ A^,ij , (3.8) 
_(,5^^^M)^^A[;. (3.9) 

The nonminimal part of the photon-nucleon coupling AA'^ has been given in a framework of 
effective meson- nucleon theories by Gross and Riska 0. In simplified models, Ag and AA'^ 
are often taken as the Dirac and Pauli parts of the jNN vertex, proportional to Fi and F2, 
respectively. 



The similarity of (|3.2| ) and (|3.3| ) suggests that the off-shell vertex can be removed by the 
nucleon field redefinition 

z^(a;) = F,($,(x))z^'(x), (3.10) 
iljix)=^'i x)Fsi^six)), (3.11) 

Fsix) = l/sjl + as^s{x). (3.12) 
In terms of the new field ip' the lagrangian ( p.l|) reads 
C = /:f " + C'j^^ii;') + C,ss 

+9si^ \^l^/ + ^'l''^' {K\d,F,) - {d,F,)F:') ij' 

+^'Fs A" Fs^' + ^tfj'Fs {A^ , $,} Fsf . (3.13) 

As in the previous section, the off-shell meson-nucleon vertex can be transformed away 
in favor of complicated nonlinear contact interactions. The leading term of the nonlinear 
scalar-nucleon term is the conventional scalar-nucleon vertex, the terms with derivatives of 
the scalar field (5^-Fs) contribute only for the scalar with nonzero isospin. 

While the off-shell interaction can be easily included in covariant dynamical equations 
for A^A^ and 3A^ systems, one cannot take the nonlinear vertices to all orders, and hence in 
practice the two forms of the lagrangian are not equivalent (although they are in principle). 
In an energy region where the effective meson-nucleon description is valid, the importance 
of the multimeson exchanges and/or exchanges of heavy mesons decreases with increasing 
summed mass of exchanged mesons. In particular, since the mass of the effective scalar meson 
is typically rris ~ 500 MeV, it might be interesting to consider the effects of nonlinearities 
up to second order in the scalar field, and see if the differences between a truncated version 
of ( p.l3|) and the orignial ( ^TTl) can be explained mostly by the second order terms. 



Since the original lagrangian ( p.l| ) depends on the off-shell parameter u (or a), so also 
will physical observables, like phase shifts and the 3A^ binding energy (parameters of the 
model n are fine tuned to leave the deuteron binding energy unchanged). However, the 
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FIG. 1. Box and crossed box contributions to the two-meson exchange A'^A^ potential. 



leading order one meson exchange interaction does not depend on u, at least for external 
legs on-shell. But nucleon interactions with two exchanged mesons, or interactions with 
external fields with at least one meson simultaneously exchanged, are already dependent 
on the choice of u. We present the corresponding zz-dependent operators below, first for 
the two-scalar exchange NN and 3A^ potentials and then for the one-scalar exchange e.m. 
current. 



IV. TWO-SCALAR EXCHANGE AND NUCLEAR INTERACTION 

Since the local field redefinition does not change the physical S'-matrix elements, the 
A^A^-interaction generated by the lagrangian ( p.l3| ) with nonlinear sA^A^ couplings should 



give the same result as the lagrangian (|3.1|) where the nonlinear couplings are replaced by 



off-shell couplings. It is easy to see that the leading, second order contributions due to a 
single scalar exchange are the same in both frameworks. In this section we show that this 
is also true of the fourth order, two scalar exchange terms. The demonstration illustrates 
explicitly how the off-shell couplings generate higher order contact terms. 

Two scalar exchange contributions with off-shell couplings are represented by the box 
and crossed box contributions of Fig. |l|. Using ( p.6|) the corresponding amplitudes are 

Mho. = igtj ^/^(gi)/^(g2)u(p'i)f:(K,g)G'(g)f^(g,Pi)w(pi) 

xw(P2)f:(p'2,gi)G(gi)n(gi,P2)w(P2), (4.1) 

xuip',)t'M,Q2)GiQ2)t:{Q2,P2)uip2) , (4.2) 



where G{p) = l/{m — p — ie) is the nucleon propagator, D{q) = l/(m^ — g^ — ze) is the scalar 
propagator, and the momenta are defined in Fig. ^ 

The sum of these amplitudes should be equal to the sum of the box and crossed-box 
diagrams with the on-shell vertex F^ = 1 and the triangle and bubble diagrams of Fig. |^. 
These triangle and bubble diagrams are generated from the quadratic contact vertex 

CssNnW = -^^'<l>^^' + ^V-'T^r ■ C X d,^,ij' , (4.3) 
m 4m^ 
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a q b 

p; — - — \ - / — - — Pi p; — -r\ — Pi p; — - — 7\ -^Pi 

Q, b 



Pa " ^ * P2 P2 " a o. b ' P2 P2 " " P2 



FIG. 2. Triangle and bubble contributions to the two-scalar exchange A^A^ potential generated 
by the contact interactions in the transformed lagrangian. 

which follows from the Taylor decomposition of the nonlinear vertex in ( |3.13| ). In the mo- 
mentum representation the quadratic contact vertex is 



T^\q2, q,) = -2gi^ 6'^" + ie'^'"'T^-^{q, + q,) , (4.4) 
m \ 8m / 

where a and h are isospin indices associated with the incoming $''(gi) and outgoing $"(^'2) 
scalar fields. The amplitudes corresponding to these diagrams in Fig. ^ are 

Mtr^ = -igtj ^/^(gi)/^(g2)2^|5'^" W,)G{q)u{p,)u{p',)u{p2) 

+ u{p',)u{p,)u{p',)G{Qr)u{p2)] + ^ [u{p[)G{q)T-u{p^)u{p'^)QT'^u{p2) 

-u{p\)Qr'^u{p,)u{p',)G{Q,)r-u{p2)\ | , (4.5) 
Mbub = ^9tJ ^,D{q,)D{q,) 2^j6'^^u{p[)u{p,)u{p',)u{p,) 



+ ^Hp'i)QrMPiMP2)QrMP2)] . (4.6) 



where we have introduced Q = (gi +q2)/2. The equivalence of J^box + -Mcross to the sum of 
conventional box and crossed-box diagrams and M.tri+-M.bub given above follows from simple 
algebra. The substitution q ^ —q + p'l + pi in the integral, which leads to replacements 
92, Qi, Q2, Q -q2, -qi, Q2, Qi, -Q, is useful in the proof. 

If the scalar field has a zero isospin, 5°*, 5*^" — >■ 1 and terms with other isospin structures 
disappear. The terms containing Q in Eqns. ( [4.5|) and (|4.6|) are suppressed by extra powers 
of 1/m. Hence, at least in the leading order, the z/^-dependent two-scalar exchange contri- 
butions have very simple structure. The i^g-dependent two-scalar exchange NN potentials 
follow from ([4.5|) and (|4.6|) by a straightforward nonrelativistic reduction of the vertices, in 
particular u{p')u{p) — > 1. 

The triangle and bubble diagram contributions to the A^A^ potential in the leading order 
in 1/m were recently constructed by Rijken and Stoks for pions and a-mesons, where only 
positive-energy nucleons were considered in intermediate states. It would be interesting to 
check whether the contributions derived above could account for a sizable part of dynamical 
difference between a model with the standard sA^A^ coupling and a model with its off-shell 
extension. To this end one should fix all other meson parameters and fit the conventional 
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1 3 2 



FIG. 3. Contribution to the trinucleon potential generated by the contact interactions in the 
transformed lagrangian. Two other diagrams with cycUc permutation of nucleons are not shown. 

model to the NN data. Then one could compare the effects of adding either an off-shell 
vertex or the triangle and bubble interactions to the potential. 

The two-scalar exchange also contributes to the three-nucleon potential shown on Fig. 
^. In particular, from the i/-dependent quadratic vertex (4^) one gets 



VsN = 2^gtD{h)D{k2)u{p[)T-u{p,)u{p',)r'u{p2 



m 



8m 



u{p2,) + acyd . (4.7) 



The potential simplifies when only lowest order in f/c is retained, which means replacing 
all the vertices by unity. This gives a very simple, central three-nucleon potential, which is 
attractive for < 0, in agreement with the increased binding for negative observed in [|l|. 
Together with the triangle contributions to the NN interaction discussed above, this three- 
nucleon potential should account for part of the large effect of the off-shell scalar coupling 
on the triton binding energy It might be interesting to check this numerically and to 
compare the importance of the three-nucleon force to variations of the A^A^-interaction due 
to additional two-scalar exchanges. 



V. ELECTROMAGNETIC INTERACTION 

Since the e.m. part of the transformed lagrangian ( ^.131 ) also contains complicated non- 
linear multimeson interactions, the comparison of the e.m. observables calculated using non- 
linear models or models with off-shell couplings requires some care. However, in the spirit 
of the previous section one can try to explain a part of the difference by estimating the 
leading order effects, which for the e.m. interaction are nonminimal single-scalar exchange 
e.m. currents. Making the Taylor decomposition of the e.m. part of (|3.13| ) with the help of 

~ 1 — as$s/2 we get 

Le.m. = ^P'Fs A'^ F,^' + jtfj'Fs {A^ , Fs^' 

^ ^'A V A^ - {AA>^ ,^s}i^'A^. (5.1) 

The minimal part of the contact 'yNNs vertex proportional to Aq disappears, since the 
lagrangian ( |3.13| ) does not contain derivatives of the scalar field in the linear sNN vertex. 
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FIG. 4. Contribution to the electromagnetic meson-exchange current generated by the contact 
interactions in the transformed lagrangian. Only the diagram with the contact vertex attached to 
the first nucleon is shown. 

Instead, a nonminimal, purely transverse contact interaction appears. It is, of course, not 
clear that the lagrangian with off-shell coupling from which we start should have a minimal 
contact e.m. coupling. But, in any case, the field definition ( p.l2| ) transforms the nuclear 
electromagnetic current ( |3.4| ) into an interaction current, which to lowest order in the scalar 
field is 



(5.2) 



This must be added to the transformation of whatever other contact interaction replaces 
( p.5| ) in the original lagrangian. 

One can easily write down the interaction current ^j^conl'?)' corresponding to ( [5.2| ) and 
given in Fig. ^ 



gs^s 



X'u(p'2)r"M(p2) 



(5.3) 



where for a scalar meson with isospin 1 = one has to replace — > 1. This current should 
account for some part of the difference between the e.m. observables, e.g., deuteron form 
factors, calculated in the conventional framework and one with the scalar off-shell coupling. 
In the lowest order inv/c, this term gives the following contribution to the charge density 



Sps 



2m 



{ei,fi ■ T2} Dsip'2-P2) 



(5.4) 



where ei is the charge of the first nucleon as an operator in isospin space. This term 
has a structure which is very similar to the retardation contribution from sigma exchange 
estimated in Ref. p|, which was found to give a nonnegligible contribution to the deuteron 
and trinucleon form factors. We therefore expect (|5.4D also to give a nonnegligible effect. 



VI. OFF-SHELL EFFECTS AND NONRELATIVISTIC EXPANSIONS 

It is instructive to compare our results for off-shell scalar exchange to results which have 
been previously obtained from the study of off-shell pion exchanges. These studies have 
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been carried out in the framework of conventional perturbative expansions of boson-nucleon 
vertices in powers of v/c, time-ordered diagrams for potentials and currents, and wave 
functions obtained from Schrodinger-like equations. In this framework, the nucleons are on 
their mass shells, but energy is not conserved at the vertices and therefore the potential 
and the current operators do not commute with the hamiltonian. The definition of these 
operators off-shell is not unique, is subject to ambiguities, and varies for different methods. 
For pion exchange P|^TT| it has been shown that all the results of various methods are, 
to leading relativistic order, covered by a generic formula 

= z/i[A„.,.,f/] + AA(^), (6.1) 

where An.r. is a corresponding nonrelativistic operator, U is hermitian interaction-dependent 
operator ~ {y/c)'^, and a parameter jl depends on the particular method used [see below 
( |6.6| )] and the PS-PV mixing parameter /x, defined in ( |A.5| ) with Vpg — >■ for pions. The last 
term on the r.h.s. of ( |6.1|) , Ay4(/i), follows from the explicit dependence of the underlying la- 
grangian on the mixing parameter /x, at the one-pion exchange level it is just the nonminimal 
contact exchange current. If the chiral lagrangian is employed AA{^) = 0. The commutator 
terms generate additional exchange currents, a contribution to one-pion- exchange potential, 
and, if two-pion exchanges are included, also two-pion-exchange A^A^ and 3N potentials. 

In this section we show, that for scalars there is no additional unitary freedom and terms 
analogous to the commutator in (|6.1| ) do not appear. Therefore, the one-scalar-exchange 
potential does not depend on the off-shell parameter u and the explicitly i/-dependent po- 
tentials and currents derived in this paper correspond to the last term in ( |6.1D and they 
appear because the original lagrangian does depend on z/. 

Let us first recall the results for the pseudoscalar mesons p|-p!T|. From the lagrangian 
with mixture of the PS and PV couplings one gets 

idti/j = la-p + -f^m + ig{l - /i)7V* - — ■ V*) - ^7^(9t$)U = H^j . (6.2) 
I 2m 2m J 

Removing the odd operators by a standard FW procedure (see e.g., chapter 4 of IjT^); one 

gets 

HTw = ((^ • V$ ) - (a • V<l>)} + (1 + + c(l - ^))^r{^ ■ P, {dm 

+ (/i + c(l - /i)]^{^ ■ P, [p' ,^}), (6.3) 



where c, defined as in [jTO|,|TT|, is so-called Barnhill parameter [T^ which determines in which 
order are the odd terms eliminated. In the momentum space, the vertex function for i-th 
nucleon interacting with pion derived from ( |6.3| ) is 



r(p-,p*) = 7^ 

2m 



-^i ■ + ) ^ (^^* - (1 + /i + c(l - fi))iAEi - qo, 



(6.4) 



where AEi = E'- — Ei is the energy difference for final and initial on-mass-shell nucleon and 
go i is an energy of the absorbed meson. For pions, the unitary freedom appears because one 
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can extend the vertex ofF-energy- shell, i.e., set AEi ^ go,i- In fact, it has been shown [|5|. 
that various ways to construct two-nucleon operators effectively replace 
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(3iE[ + E'^-E,- E2) = I3{E' - E) 



(6.5) 



where /3 is an arbitrary parameter, introduced in |jT3|, and for most techniques in use (3 = 1/2. 
The unitary parameter /i from ( |6.1| ) is given by 



1 + /i = 2/5 [/i + 1 + c(l - /i)] 



(6.6) 



and it combines dependence on the off-shell parameter fj, with dependence on c and /3, 
which parametrize all of the various ways of doing FW transformations and constructing 
interaction-dependent operators. For any value of fl one gets a hermitian hamiltonian and 
a description conforming with approximate Lorentz and gauge invariance. 

Let us now consider the case of scalar mesons. From the lagrangian ( |3.1|) we obtain the 
equation for the time dependence of the nucleon field 



d ■ p + 7°m - 5(7°$ + ^ [c5 ■ p, $] - ^i{dt^)~^ip = H ip , 

where the second form follows from approximation 

idfip — (a ■ p + 'y^m)ip 



(6.7) 



(6.8) 



on r.h.s. (recall that only terms linear in $ are retained). Removing the odd operators, we 
obtain from the second form 



TTint 
J^FW 



-91 



1^ 



2m 



(6.9) 



Note that, unlike for pions, there is no Barnhill freedom at the order considered. The reason 
is that the interaction-dependent odd terms of the untransformed hamiltonian (|6.7| ) are of 
the order ~ 1/m and hence the corresponding unitary transformation would generate the 
contributions ~ 1/m^, while we keep only the terms up to ~ 1/m?. In momentum space, 
the hamiltonian ( |6.9|) generates the sNN vertex for i-th nucleon 



r(p-,Pi 



1 - 



{Pi+Pif + 2iai ■ {p[ X Pi 



V 

2m 



{AE, - qo,i) 



(6.10) 



For our scalar exchange this off-energy shell extension (|6.5|) is not allowed. The point is, 
that if the last i/-dependent term is present in (|6.1CI|) , the vertex and the one-scalar exchange 
potential derived from it are not hermitian, i.e., r(p^,pj) 7^ r{pi,p'j)*. It is clear already from 
since the hamiltonian defined in (|6.7|) is hermitian only if 



i{dt<l>) = 7' 



2m 



(6.11) 
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that is only if energy is conserved at the vertex. 



We could attempt to re- write the eq. (6/7) with the hamiltonian which is equivalent to 



the old one on energy shell and which is hermitian 

idtil) = |a . p + 7% - g{l - z/)7°<l> + ^ {a ■ ^, $} - ^ {idt , $}|^ = H'i; , (6.12) 



but with the help of (|6.8|) one easily sees that to first order in $, the hamiltonian H' is 
equivalent to the standard //-independent one 

if'-a-p + 7°m-^7°<l>, (6.13) 



and it gives only the standard part of (|6.10|) . This can also be checked by straightforward 



FW transformation of ( |6.12D . Therefore, we conclude that there is no consistent way to 
continue the sNN vertex off-energy shell. Consistent operators are obtained only if one 
puts P = 0, i.e., /i = — 1 in ( |0| ) and (|6.6D, respectively, as in the S'-matrix approach []TB 



Then, the nucleon potentials and exchange currents are identified with the straightforward 
Taylor expansion in powers of of u/c ~ p/m of the corresponding Feynman amplitudes. This 
identification is made in previous sections. In particular, only the standard //-independent 
part of the sNN vertex contributes to one- scalar-exchange potential and this potential does 
not depend on z/ even when the relativistic corrections are included and the potential is 
considered off-energy-shell. 



VII. CONCLUSIONS 

The lagrangian with the off-shell vertices can be conveniently related to the more conven- 
tional one by means of the nucleon field redefinition. The transformed lagrangian contains 
simpler bNN vertices, but has complicated contact multimeson terms. One can also start 
from a conventional lagrangian and introduce off-shell couplings and some contact terms. 
Notice that this way one never gets the coupling with off-shell extension both before and 
after meson is emitted. 

The nonlinear interactions generate triangle and bubble diagrams for the NN interaction, 
complicated three-nucleon interactions and meson exchange currents. We list leading order 
contributions to these operators. 

For the scalar, pseudoscalar and isoscalar vector mesons one can completely transform 
away the interaction terms with derivatives of the nucleon field, for the isovector vector 
mesons this is possible only at the lowest order, linear in the vector field. 

Since in the low and intermediate energy region the importance of nucleon operators is 
increasing with decreasing exchanged meson mass, it would be interesting to numerically 
estimate the effect of these lowest order operators, since they might represent a large part 
of the difference between a model with off-shell coupling and one with conventional vertices. 

Unlike for the pion case, for scalars there is no additional unitary freedom dependent on 
the off-shell parameter u in the framework of a hamiltonian formalism with av/c expansion. 
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APPENDIX A: PSEUDOSCALAR AND VECTOR EXCHANGES 

In this appendix we demonstrate how the removal of the off-shell [jl| coupling works for 
pseudoscalar and vector mesons. In a generic form the lagrangian with an off-shell coupling 
reads 

C = + + C!t{^) + Ajv^(V') + C^^nn{^) + C.NNm , (A.l) 
CmNW = #r$V^ + |^(r$)(27^5'^V^ - m^) - ^{t{d^^h, + mV^)(r$)^ , (A.2) 

C.NNbW = \^ {A^ , r-l'} ^ , (A.3) 

where we use h = s,v,ps to denote different mesons and B = b,'~f stands for both mesons 
and photons. The bNN vertex P contains some Dirac matrix structure, and it can carry a 
Lorentz index for spin 1 mesons and an isospin index for isospin 1 mesons. In more detail, 
we take for scalar mesons Pg = 1, for pseudoscalar mesons Tpg = —i'j^ and for vector mesons 
P^ = 7^^. The vBB vertex could also contain an anomalous tensor coupling, but the off-shell 
extension of this part has not been considered in [Q and we omit the anomalous coupling 
here for the sake of simplicity . The 6A^A^ vertex function in momentum space reads 

r{p',p) = r{p',p) + ^{{P' -m)r{p',p) + r{p',p){p-m)) , (a.4) 

2m 



For the pseudoscalar mesons the off-shell couplings (|A.4|) is just the usual pseudovector 
vertex, 



which also follows from adding the total derivative to ( |A.1| ). For pions Vps is usually named 
/i. This is possible since {7'^,7^} = and it completely removes the derivatives of the 
nucleon fields from the interaction terms, introducing instead terms with derivatives of the 
meson field, i.e., replacing the difference of nucleon momenta by the meson momentum 
q = p' — p. Hence, the field redefinition removing this part of vertex should be equivalent 
to the usual chiral rotation which dials between PS and PV couplings. Nevertheless, let us 
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recover these results proceeding in a same way as used for scalar and vector mesons, though 
for pseudoscalar mesons the procedure appears somewhat artificial. 

To transform away the off-shell bNN, we redefine the nucleon field with the help of the 
function F = F(r$), obeying 

7°F*(r<l>)7° = F(r$), (A.6) 

so that 

ipix) = F{T^x))ij'{x) , (A.7) 
V'(x) = ip'{x)F{T^{x)) . (A.8) 

In terms of ip' 

C = ^V''F(1 + aT^)YF{d^f) - ^{d^i/j')F-f''{l + aT^)F^' - mi>'F{l + aT^)F^' 

+gip'F^{T^)ip' + -^'F{1 + ar$)7'^((9^F)^' - -^'{d^F)-f''F{l + ar$)?/^' 

+^'F F^' + ^fF {A^,T^ F^'A^. ( A.9) 

Requiring that the first line in ( |A.9|) equals the nucleon kinetic lagrangian C'^"'{ip') implies 

Y = F{1 + aT^)YF = FYil + ar$)F , (A.IO) 

which can be satisfied only if [7^ , F] = 0. However, this does not mean that it is possible to 
transform away interactions with derivatives of nucleon fields only in this case: the offending 
terms might be ehminated by adding a total derivative. Indeed, let us denote 

= F{l + aT^)YF , (A.ll) 
= F7^(l + ar<l>)F, (A.12) 



and add to the lagrangian ( [A. 91 ) a total derivative 



(A.13) 



where / = /(r$) is to be determined to allow reduction of all terms with derivatives of 
nucleon fields to C'}}"'{ip'). These terms now equal 

((/ + l)r^ - nf) id,f) - '-id,^') (r^(/ + 1) - Tif) ^' . (A.14) 

Requiring that 

r = {f + m - r^/ = nif + 1) - r^/ , (A.15) 

leads to a condition 

(2/ + i)r^ = r^(2/ + i), (A.16) 
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or, assuming existence of F ^, to the relations 

(2/ + 1)(1 + ar<l>)7'^ = 7'^(1 + ar$)(2/ + 1) 
which is satisfied with 



2(1 + 01$) 



(A.17) 



(A. 18) 



where c is an arbitrary number, which can be set to c = 0. Using the solution ( |A.l(j| ) in the 
constraint ( |A.15| ) leads to an equation for F 



(A.19) 



Assuming that the solution F of ( |A.19D exists, the transformed lagrangian ( |A.9|) with the 
total derivative (|A. 13|) added and with the function /(r$) given in ( [A.18|) is 



I - 



+ U'(YF-\d^F) - {d^F)F-'Y + , {Td^n f]^' 



+ij'F F^' + -fF {A^ , r$} Fij' . 



(A.20) 



For scalar mesons F — >■ = 1 and hence F commutes with 7^^. The matrix 7^^ can be 
factorized from ( |A.19D , we get F^ = 1 + a^^^, and from ( |A.20D one immediately recovers 



For pseudoscalar mesons F 



ps 



— Z7 , and F anticommutes with 7^^. Considering 



now F —>■ Fpsl—ij^^ps), for which Fpg'-f^ = j^Fpg, we obtain from ( [A .191 ) the relation 

FpsF;, = 1 , (A.21) 
i.e., F~/ = F*g. Using these properties of Fps we obtain from ( |A.2CI| ) 

C = CZM) + '^i'Yl'F*{d,^p,)F,p' - tgp^il - z.,,)^'F^2,7'$ps V^' 
+mV;'(l - + '-i;'(^Fp,rid,Fp,) - {d,Fps)^^Fp)ii^' 

+ij'Fp,K>^Fp, ^'A^ - t^^'Fps {a^, 7^$^,} Fps ^j'A^ . (A.22) 



The most general form of Fps{—i'y^^ps), satisfying the constraints (|A.6| ), and ( [A.21|) is 



i^ps(-^7'$ps) = exp Ur7^$p,7V($ 



2m 



(A.23) 



where r] is real number and /*($ps) = /(^p^), normalized to /(O) = 1. Up to the quadratic 
terms in the lagrangian ( [A. 22] ) does not depend on the form of /(^p^) and we can replace 
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+V''A V + t^^p'{{n- z/p,) A^o' + ^AA^ , 7^$^,} ^' . (A.24) 

The transformed lagrangian contains a psNN vertex with the PS-PV mixing (the mixing 
parameter is — rj) and the quadratic contact vertices of the standard form. The e.m. 
couphng with Aq is just the the usual Kroll-Rudermann couphng |T^, it is obtained by 
the minimal coupling from the psNN vertex with a derivative and it contains the same 
factor {ups — rj). For pseudoscalar mesons the interactions with derivatives of nucleon fields 
is replaced by the PV form of meson-nucleon coupling with derivative of the meson field. 
Thus, in this case transforming away the off-shell coupling means eliminating the PV psNN 
vertex, which is achieved if one sets t] = Upg. The transformed lagrangian then simplifies to 

+upsil - + l^V^Vr ■ X OAs)^' 

+^'A^V^' A, + ij' { AA^ , 7'$ ps} ^' . (A.25) 

For the vector mesons $ ^ f^j, P ^ 7^ and the off-shell vertex in momentum space 
reads 

f =1' + ^ HP' - m)Y + riP - m)) 
2m 

= (1 - ^.)7^ + ^ Hp' + pY + ^^'"'{p - P)p) ■ (A.26) 

From (|A.19|) we get for the vector mesons 

r = F,{r + a.v^)F . (A.27) 

Let us first consider isoscalar vector mesons. In this case, commutes with -0, and hence 
with F^{v). Therefore, we can multiply (|A.27|) by and find the solution 

Fv{v) = ^=^=, (A.28) 

which as a matrix in the Dirac space is defined by its Taylor series. The transformed 
lagrangian reads 

1 + ttyV 

+^'F, A^ F,^' A^ + ^^'F, {A^ , v} F,^' A, 
~ £^'^(^0 + g,i,'vij' - ^ij' { AA^ , v} ^' A^ 

2 2 2 

-^^'M")^' - i^ij'lv^id^v) - {d,v)rv)ij'. (A.29) 
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For isovector vector mesons a solution to all order in meson fields does not seem to exist. 
The problem is that in this case = t ■ and the components of the vector field do not 
commute 

[va, vp] = 2iT-{vaX Vf^) . (A. 30) 

Still, if only terms linear in the meson field are retained, the choice Fy ~ l — ayv/2 eliminates 
the interaction terms with derivatives of nucleon fields. Up to a quadratic order, the most 
general form of Fy is 

^ 1 - y{; + calvv + dalvaVj" , (A.31) 



and it is easy to check that it does not solve ( |A.271 ) up to the quadratic order for any choice 



of c and d. This means that any field redefinition leaves some interaction terms quadratic 
in vector field and containing the derivatives of nucleon field. 

To sum it up, the linear approximation to function F is in all cases (with rj = Ups for 
pseudoscalar mesons) given by 

F ~ 1 - ^r-l' , (A.32) 

and the transformed lagrangian up to this order reads 

£(^') = £^"(V^') + - {AA^ , r<l>} ^' .. (A.33) 

For scalar, pseudoscalar and vector isoscalar mesons the transformation can be carried out 
to all orders and different contact interactions appear. For vector isovector mesons it seems 
impossible to transform away the interaction terms with derivatives of nucleon fields to 
higher than linear order in meson field. Although the closed solution exists for most types 
of mesons, if more than one off-shell vertex is considered one has to resort to approximate 
solution approximating F by a power series. 
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